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GUOYI XU 

Abstract. Let (M",g) be a complete Riemannian manifold with Rc > -Kg, 
H(x,y, t) is the heat kernel on M", and H = (4^0 Nash entropy is defined 

as N(H, t) = J ' (fH)d/i(x) - § . We studied the asymptotic behavior of N(H, t) 
and j^N(H, f)j as t — > + , and got the asymptotic formulas at t = 0. In the 
Appendix, we got Hamilton-type upper bound for Laplacian of positive solution 
of the heat equation on such manifolds, which has its own independent interest. 

Mathematics Subject Classification: 35K15, 53C44 



1. Introduction 

On a complete manifold (M'\ g) with Rc > -Kg, where K > is a consant, for 
fixed y € M n , it is well-known that the heat kernel H(x,y, t) on (M",g) is unique, 
assume H = (4nt)~2e~S . As in [12], Nash entropy is defined as: 

Definition 1.1. 

(1.1) N(H,t)= f (fH)dMx)-^ 

Jm" 1 

Nash entropy has close relation to ^-entropy for linear heat equation, and the 
large time asymptotics of this entropy reflects the volume growth rate of the mani- 
fold (see El, IIll and H3). 

In this paper, we studied the asymptotic behavior of N(H, t) and j ( N(H, t) as 
t — > + , and solved one problem proposed in Q (Problem 23.36 there). More 
precisely, we proved the following theorem: 

Theorem 1.2. Let (M n ,g) be a complete Riemannian manifold with Rc > —Kg, 
where K > is a constant. Then 

(1.2) N(H,t) = --R(y)-t + 0(tk 
and 

(9 1 

(1.3) J t \ N{H A = -^) + o{\) 

3 _3 

where lim sup^Q 0{U)t 2 is bounded, lim^o o(l) = and t is small enough. 

One motivation to study the short time asymptotics of Nash entropy is Li-Yau- 
Perelman type estimate for heat equation on manifolds with Ricci curvature bounded 
from below. Motivated by Perelman's differential Harnack estimate for Ricci flow, 
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in ifTTTl . on a closed manifold (M n ,g) with Rc > 0, Ni proved the following Li-Yau- 
Perelman type estimate for the heat equation when t > 0: 

9 f(x, y.t) — n 

(1.4) 2A/(*,y. - iv/(*,y, Ol 2 + — ± 

where H(x,y, t) = (4nt)~Ze~f is the heat kernel. In fact, (11.4b is also true for heat 
kernel on complete manifold (M",g) with Rc > (see El"). 

In the well-known paper 031. Perelman made the following claim (see remark 
9.6 there): 

Claim 1.3. If(M n ,g) is a compact Riemannian manifold, gij(x, t) evolves accord- 
ing to (gijj = Ajj(t) and gij(x, 0) = gij(x). Define □ = — A and its conju- 
gate □* = -4 - A - (where A = g' J Aij). Consider the fundamental solution 
u - (Ant)~'ie~f for □*, staring as 6-function at some point (p, 0). Then for general 
Ajj the function (nf + j^j(q, t), where f = f-f M „ fu, is of order 0(1) for (q, t) near 
(P,0). 

We do not know the proof of this claim so far, and we will focus on the special 
case where the evolving metrics are the static metric. From Theorem [L2j it is easy 
to show that Perelman's claim in the static metric case is equivalent to the following 
claim on compact manifolds: 

(1.5) 2Af(x,y, t) - \Vf(x,y, t)\ 2 + f{x ^^~ n = - R(y) + (t + d 2 (x,y)) 

If (11.5b is true, it will be an improvement of (11.4b when t + d 2 (x, y) is small enough 
and R(y) > 0. It is interesting to know the proof of (11.5b on compact manifolds or 
complete manifolds with Ricci curvatures bounded from below. 

As observed in Ifl2l . the integrand of J^A^//, f)] is nothing but the expression in 
Li-Yau's gradient estimate for heat kernel, which is -(A In// + ^). Because so far 
there is no sharp Li-Yau-type gradient estimate for heat kernel or solutions to the 
heat equation on complete manifolds with Ricci curvature bounded from below by 
negative constant, we hope that (11.3b will be helpful on understanding this estimate 
better. 

On the other hand, when (M",g) is a compact Riemannian manifold, the short 
time behavior of logarithm of heat kernel had been studied by many probabilists. 
Although the heat kernel H(x, y, t) has infinite sequence expansion at t = 0, gener- 
ally there is no such expansion of In H at t = 0, and the singularity of In H at t = 
can have many complicated situations. However, in 07), Varadhan proved 

d 2 (x v) 

(1.6) UmtlnH(x,y,t) = 

f->o 4 

Moreover, using stochastic processes methods, Malliavin and Stroock proved 
that the above equation is preserved while taking the first and second spatial deriva- 
tives on domain outside of cut locus (see ifTOl ). Using analytic methods, (11.6b is 
proved for complete Riemannain manifolds in [1 J by Cheng, Li and Yau. We hope 
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that Theorem 13.31 will be useful on studying the short time behavior of logarithm 
of the heat kernel on complete manifolds by analytic methods. 

The strategy to prove (11.21 ) is using infinite sequence expansion Hn(x, y, t) of 
H(x, y, t)att- 0, although generally In does not converge to In H near t - 
uniformly. In integral sense of (11.11 ). we show there is a uniform convergence in 
Lemma [3~T1 by using an improved estimate of H - got in Theorem 12.21 The 
rest calculation about integral of is standard, for completeness we give details 
in full. 

To prove (11.31) . because the manifold M n can be non-compact, we need to be 
more careful on the switch of the order of differentiation and integration. The 
detailed proof of the validity of the switch is given in the beginning of section 4. 

TT 

We need an upper bound of in verifying the above switch. This type bound is 
known for closed manifolds from Q, and in (2) the proof is sketched for complete 
manifolds with Rc > following similar strategy of Kotschwar in Q. The detailed 
proof of this Hamilton-type upper bound for complete manifolds with Rc > -Kg 
is included in the Appendix for completeness. 

Note 1.4. After the paper is circulated and posted on the arXiv, Professor Jia- 
yong Wu kindly informed us that he had independently proved Hamilton-type upper 
bound for complete manifolds with Rc > in details, which is in 1181 . 

The paper is organized as follows: In section 2, we state some preliminary re- 
sults about heat kernel and prove some improved estimates about H - H^. In 
section 3, we prove (I1.2I ). Using (11.21) and results in Appendix, (11.31 ) is proved in 
section 4. In Appendix, on complete manifolds with Ricci curvature bounded from 

TT 

below, Hamilton-type upper bound of -jf is proved. 

Acknowledgement: The author would like to thank Professor Zhiqin Lu for his 
interest and suggestions, and Professor Peter Li, Jiaping Wang for their interest. 

2. Preliminary 

We firstly define some notations and functions. In the rest of the paper, we fix 
y e M'\ define 

Cly = {x € M n : d(x,y) < inj g (y)} 
where inj g (y) denotes the injectivity radius of metric g at y. Define 

B(p) = {x\ d(x,y) < p) and B z (p) = {x\ d(x,z) < p) 

Hence B{p) - B y {p). V{B z {p)) is used to denote the volume of B z (p), V-k(p) is the 
volume of the geodesic ball of radius p in the constant ( - ^ J sectional curvature 
space form. 

Choose r e (0, \inj g (y)), fix it and let Af = f + 3. Define E - (4nt)~'i exp ( - 

d ^' y - > ) and E - {Antyi exp ( - d Sometimes we will use B as the simplifica- 
tion of the notation d{x,y) will be simplified as d, and what it means will be 
clear from the context. 
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Assume r\ : [0, 00) — > [0, 1] is a C°° cut-off function with 

, n . - , x f 1 j f s < r 

™ *'> = {<> /A>2, 

The following theorem collects some known results about heat kernel on complete 
manifolds (see 0, H, QQ etc.). 

Theorem 2.1. (M n ,g) is a complete Riemannian manifold with Rc > -Kg, where 
K > is a constant. Then there exists a unique minimal fundamental solution 
H(x, y, t) to the heat equation, which is called the heat kernel. Moreover H(x, y, t) 
is positive, C°°(M n X M n X (0, 00)), symmetric in x andy, and 

(0 

(2.2) \ H(x, y, t)d[i(x) = 1 

(«) 

(2.3) H(x, y, t) = P No (x, y, t) + F No (x, y, t) 



(2.4) 
and 

(2.5) 



P No (x, y, t) = q(d(x, y))H No (x, y, t) 

n 1 d (X, V)\ 

H No (x,y, t) = (Ant) 2 exp ( —*-) ■ ^ <Pk(x,y)t 



k=0 



t£k{x,y) £ C°°(Qj.), k - 0, 1, • • • ,Nq. Also H^ satisfies the following: 



(2.6) 



(A - -)H No (x,y,t) = EA^t"" 



(Hi) Let {x k }^ =l be exponential normal coordinates centered aty e M n , then tpo and 
(p\ have the following asymptotic expansion: 



(2.7) 



(2.8) 



<p (x,y) = 1 + -^RpgWxPx" + 0(d\x,y)) 
R(y) 

<Pi(x,y) = —t- + 0(d(x,y)) 



We will prove an estimate for Fn q , this estimate is an improvement of the usual 
estimate of Fn , which only gives j^o+i-f bound. The improved estimate ( 12.91 ) is 
the key to the proof of Lemma [3~T1 

Theorem 2.2. For F^ (x,y, t) in Theorem \2.1\ we have the following estimates: 

d 2 (x,y)^ 



(2.9) 
and 
(2.10) 



\F No (x,y,t)\ <0 4 exp(- 



5, } 

d 2 (x,y). 



-F No (x,y,t) < 2 exp(- 



where t is small enough and C is a positive constant independent of x, t. 
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Proof: (l). We first prove (12.9I ). From the definition of Pff (x,y, t), it is easy to 
see that lim^o PN {x,y, t) - 8 y {x). In particular, 

F No (x, y, t) = H(x, y, t) - P No (x, y, t) 

« a 



— I H(x, z, t - s)P No (z, y, s)d/u(z)ds 

o " s JM n 

n(^- - A z )P No (z,y, s) ■ H(x,z, t - s)dn(z)ds 



where A z is the Laplacian with respect to the z- variable. 
From (12.61 ) and the definition of rj, when z € B(r), 



d 



d l {z,y) ^ 
4s ' 



(2.11) |(— -A z )p No (z,y,s) <ds 3 exp(- 

and when z e B(2r)\B(r), 

\/ d \ % ■ d 2 (z, y) 

(2.12) ( —-A z )p No ( z ,y, s ) <C 2 ^5-i e xp( ^) 



Hence 



\F No (x, y, t)\ < Ci I s 3 I H(x, z,t - s) exp ( - 1 — )d/u(z)ds 

JO JB{r) 4s 

C 2 f s~ L 2~ l f H(x, z,t-s) exp ( - d j^ )dfi(z)ds 

Jo JB(2r)\B(r) ^ s 



'B(r) 

pt 

+ ~ 

(2.13) <(a) + (b) 



We can find < t\ < 1 and & > 0, such that if s e (0, ?i), then 
V(B p ( Vj)) > ifeoJS / or aw;v ^ e B y (3 r ) 

In the rest of the proof, assume t e (0, t\], we have two cases. 

Case (I): If x e B y (3r) and z £ B y {2r), then from [9 ] and the above volume lower 
bound, 

(2.14) 

H(x, z,t-s)< cH(fi v ( V^))y-5(fi,( ^JT^l)) ■ exp [CK(t - s) - ^ 

« / 6d (z, x) \ 
(2. 15) < C(K, fc , "X* - *n exp ( - 25(? V _^ ) 
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Case (II): If x £ B y (3r) and z e B y (2r), using (12.141 ). d(x,z) > r and volume 
comparison theorem, 

H(x, z„t-s)< CV-\B Z { VF^)) • [ i — — '-] 

V-K{ it - S) 

\ nv(t , 6d 2 {z,x)i 

■ ex n CK(t - s) -25i^i)\ 

(2. 16) < C(K, ko, n, r) exp ( - ^-j) ) 

Note in Case (I), inj g (x) has a uniform lower bound, hence it is easy to get 

(2. 17) f exp ( - _^W( Z ) < C 

JB,(r) V 100^ ' 

for any s e (0, t{\. 

Now using (12.151) . (12.16I ). (12.171) and the classical inequality 

d 2 {x,z) | d 2 (y,z) > 6f 2 (x,y) 

we can get 

X yW z ' ' ' s) exp ( " d ~rr^ {z) - c exp ( _ TjoT ) 

Hence 

(2-18) (a) <a 4 exp(-^^) 
Similarly, 



Hence 



(^C^'^expt-^-Hexpf-^) 



(2.19) <a 4 exp(-^) 
By (127181) and (l2~T9l) . (l2~9l) is proved. 
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(2). The strategy to prove (12.101 ) is similar. 
—F No (x,y, ?) = —[- (— - A z )P No (z,y, s) ■ H(x, z, t - s)dfi(z)ds] 

^ (— - A z )p No (z,y, s) ■ (—H(x,z, t - s))dn(z)ds 



+ (A. V - — )P No (x,y,t) 
= (r) + (r) 

From (12.111) . (12.121 ) and P N(l (x,y, t) - when x $ B(2r), 

d 2 {x,y)s 



(2.20) (r)<0 4 exp( 
Now we estimate (y). 

(y) 



5? 



~ f f (y s ~ A z) p No(z>y> s ) ■ {^H(x,z, t - s))dfi(z)ds 

n\A z (^- - A z )P No (z,y, s)] ■ H(x,z, t - s)d^i{z)ds 
jn X US 

Similar with (|27TTT > and (l2~12l) . from (f231 >. when z e B(r), 



(2.21) 



<9 



A z (£- - A z )P No (z,y, s) < C 3 sexp ( - -^) 



and when z e B(2r)\B(r), 

(2.22) |A Z (— -A z )P Wo fcy,j) 



< C45 



exp 



( 



4s 

d\z,y) 
4s 



) 



Following similar argument in the proof of ( 12.91 ), using (12.211) . (12.221) instead of 
(IXTTT) . (IXT21) . 



(2.23) 

From (T2T20b and (Hl3l . 

d 



(r)<a 2 ex P (-^^) 



^ 2 (^j) 



-F Wo (x, y, t) < (y) + (r) < Cf exp ( _ ? 



3. The short time asymptotics of N{H, t) 

From (12.51 ) and (12.71) in Theorem |2J] there exists < to < 1 such that 

In /d 2 (x, y)\ 
(3.1) - < (4nt)2 exp (— L-i^)^^, < 2 

holds when * € B(j) and < t < to. In section 3 and section 4, we assume that 
t € (0, t Q ] and (AT, g), // are from Theorem |2~T1 
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Lemma 3.1. 

(3.2) f f In J? (X : y,t \ ] ■ H(x, y, t)d/u(x) = 0(t 2 ) 
Js(i) L H No {x,y,t) i 

Proof: Assume x € t < to, then PN (x,y, t) - HN (x,y, t). Hence 

F No (x,y, t) = H(x,y, t) - H Na (x,y, t) 

From (|2T9T >. 

(3.3) lFNo(x , yJ)l <c^-U W (-^-) 
If F No (x,y,t) > 0, then 

\ln^.H\(x,y, t ) = ln(l + ^L).H<^.H 



IN n N n^ Q 

20t 



<Ct N ^^(^.).H{x,y,t) 



If F No (x,y, t) < 0, then H(x,y, t) < H No (x,y, t), 

| In — • H\(x, y,t) = \ In H(x, y, t) - In H No (x, y, t)\ ■ H(x, y, t) 

= \^[H{x,y, t) - H No {x,y, t)]\ ■ H{x,y, t) 
where H(x,y, f) < t; < H^ Q {x,y, t). Hence 

| In JL . H \(x,y, t )<\^\.H = F No < Ct N ^ exp ( - ^) 
By the above, 

(3.4) | In — • H\(x, y, t) < Ct 4 [fl exp (^p) ■ H + exp ( - -^)] 

From (f3j} and (TO) . 
(3.5) 

/ d 2 (x, y)\ a ( d 2 (x,y)\ 
H(x,y, t) < \H No \ + \F No \ < 2(4nt)-2 exp ( - -^) + Ct A • exp ( - 

By (111 and (l33T> . 

" 4 



(3.6) lln-^--// 



(x,y,t) < Cf 



1 

Proof of '(E3-" 

- r /»^= r (-mdfi+ r (-fH)d i u=(i)+(n) 

Jm" Jm"\b(4) 
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Firstly, we estimate (7). From |9), we have 



H(x,y, t) < cH(s A -( yfi))\ri(B y ( -ft)) • exp [CKt - 

If x e M n \B(i) and ? is small enough, using volume comparison theorem, 
(3.7) 

where C depends on n, K, r and the metric g near y. Choose t small enough such 
that 77 < Ct 2 < e~\ then by the monotonicity of h(x) = In x • x on (0, e ], 

I d 2 d 2 i 

In fl'fey, • 77(x,.y, < In [Ct 2 exp ( - — )] • [ct 2 exp ( - — )] 



hence 



|(/)|-| f [ln//+^ln(47rO]-//WI 

JM»\B(f) 2 

s L W) l h, [ c ' ,s,p (-5)]-[ Q,s *(-5)]|** 

+ ^ |ln(4;rO-[a 2 exp(--)l|^W 

2Jm"\b(Z) 1 v 6f /J 



r , / d 2 ^ r „ / flf 2 xnl 

(X) 

In(47rt) • |C'rexp( - 
(3.8) < 0(t§) 

in the last inequality, we used Rc > -Kg and volume comparison theorem. 



|(//)|- f [In77 + ^ln(4;r0]-77d/i 

= f In JL.Hdfi(x)+ \ \lnH No + ^ln(4nt)]-Hdfi( 



- (777) + (7V) 

By Lemma [3TT1 (777) = 0(t 2 ). From Lemma 13^21 in the following, 

(IV) = ~ + U(y)-t + 0(t 3 2) 

By all the above, we get our conclusion. □ 
Lemma 3.2. 



(3.9) f [ In 77^ + J ln(47r0l • Hdfib 



( v) = - J + 1/v'O 

/B(i) " - Z Z 
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Proof: (I) = jg^ j [ln//;vo + §ln(47rt)] • Hdfi(x) in the following proof. From 
Theorem 12. II 

ln// Wo .-^ln(4^-^ + ln(£^) 

k=0 

and 

in(Y J nt k ) = ^fo + — -t + o{t 2 ) 

k=Q ^° 

Hence 

(/) . i d\x,y) , , <pi 
Now using (Hi) of Theorem 12. II 



r r _ d ( x »y) + ln + <gi _ f + Q(f2) i g ^ x ) 



(/) = X r l " 47 + Tl Rpq{y)XPXq + 0(j3) + + ' + 0(f2) 



= (//) + (///) + (/V) + (V) + (VI) + 0(t 2 ) 



where 



(//) = f (-±^A\. Hd ^ (///) = -! f (R^^-HdfKx), 
(/V) = C I d 3 (x,y)-H(x,y,t)dn(x), (V) = -^-t-\ H(x,y,t)dfi(x), 
(V7) = Cf • f d(;c, y) • #(x, y, O^ju(x) 

f H = f H - f H = 1 + 0(? 2 ) 
Jfl(i) Jm" Jm"\b<{;) 



From (I3.7I ). 

'fit 4) J A/" J,W"\B<*) 



Hence 



(V) - -U(y) • f + <9(f 2 ) 



Using (13.51 ) and the fact that 



r * '• \x\ 2 

0(\x\ k )(4ntyi exp(--j-)dx = 0(t~-) 

JR" 4? 



where k is any nonnegative integer, we can get (IV) = 0(U) and (VI) = 0(H). 
Similarly, 

(///) = h(y) ■ t + 0(t 2 ) 
6 

Finally, from the following Lemma 1331 

(II) = -^ + ^R(y)-t + 0(tb 
By all the above, the conclusion is proved. □ 
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Lemma 3.3. 

(3.10) -1 f J 2 (x,)0-^M*) = -^ + :UoO-' + 0(^) 
Proof: (//) = -i J^^yO • then 

(3.11) ( /7 ) = -7: f d 2 (x,y)-(H No +F No )-adx 

where <fx in the integral of (13.111 ) is the volume element of Euclidean space R", and 
a = V^fe) - 1 - -zRpJy)*?* + <?(J 3 (x,y)) 



Then 



( 7/ ) = -T. f ■ ( 4?rf )" S ex P ( - ^77^)^0 + V\t) ■ adx + °^ 

4f Js(i) v 4? 7 

-[- 5- 5*w]-f/-(*^ 



+ 7f^ f (47r0~M/? M (y)x^V-exp(-^Mx + O(^) 
4 °r Jb(I) 4f 

r 1 1 -i 1 3 

R(y) \ ■ 2nt + — /„ + 0(t*) 

L 4i 24 W J 48r V 

(4^r ! ( 2 ^) • ( Z ^) ex p ( - 77 • Z x ?V x 



where 



*=i i=i j=i 

in above we diagonalize R pq (y) and let = Rkk(y)- 
We can get /i - \2A\t 2 , and the induction formula 

n 

I H = 7„_i + 4(£ ^)? 2 + 4(n + 1H/ 

i=l 

Then it is easy to get 

n 

(3.12) /„ = 4(n + 2)( j i,)? 2 - 4(n + 2)/?<»f 2 



i=i 



By all the above (//) = -| + ^p? + 0(? s ), the lemma is proved. □ 

4. The short time asymptotics of Jj [iV(i/, f)] 

To study j t [Nil!, f)J, we need to switch the differentiation with integration firstly. 
Because the manifold M" can be non-compact, we need to be more careful on the 
switch of the order of differentiation and integration. The next lemma justifies this 
switch in our case. 



12 

Lemma 4.1. 

(4.1) 
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|f f H(-f)dfi(x)] = f \H{-f)\ dn(x) 



Proof: Define (p p {x) - ^(^^), where (f> is defined in Appendix, p > 1 is a 
constant. Fix £ > 0, define G(x, f) - [H(-f)](x,y, t). For any e > 0, assume 
1 > / > (if / < 0, similar argument works). Then 

f G(x,t + l)-G(x,t) j f, ... 
(iju(x)- G t ip p dyL(x) 

JM" 1 JM" 



< \G t (x,t + ^ x l)-G,(x,t)\dfi(x) + 2 



f 

JM 



sup |G r (x, s)|<i^(x) 



M"\B(p) se[t,t+l] 



IB(ft) 

(4.2) < (/) + (//) 



f ^-G(x,t + ^ x I)dfi(x)-l + 2 f ( sup \G t (x,s)\)dfj.(x) 

JB(p) O t JM"\B(p) se[t,t+l] 



(4.3) 



We firstly estimate (//). From |9), for s e [t, t + I], 

t-V. V,.Y) > -|— 



n, 1 r |V^| 2 2n -I C 



where C = C(K, n). From Corollary IA.5I 



—(x,s) < -in + (4 + Ks)\n\ 
H s 1 L 



C(/r,?+ 1) 



H{x,y,s)vkB x {^WkB y {^)) 



I) 



(4.4) 



<£(l + | mff | + |ln[y( B Ml)).y( fi 




When A" e M n \B{p), using volume comparison theorem, 




+ \lnV- K [ A /- 




+ |lnV_^ + ^(x,j))| 



(4.5) < C(| In j| + s + d) 

where C is independent of p. From (14.31 ), ( 14.41 ) and ( 14.51 ), 



(4.6) 



H 



(x,s) < —(I In H\ + \ ln s\ + s + d) 

s 



when x e M n \B{p). 

From (@~6]>, on M n \B{p), 



\(-f)H t \(x, s) < [| lnH\ + j\ ln(47rj)|] • |ff r |(jc, *) 

< [| ln#| + j\ \n(4ns)\] ■ C\H\ ■ s~ l Q lnH\ + | In s\ + s + d) 



(4.7) 



< --H^\nH\ 2 + \\ns\ 2 + s 2 + d 2 } 
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From <@2]> and gJJ), if s 6 [t, t + I] and x € M n \B(p), 
\G t (x, s)\ < [\H t \ + ?-\H\ + \(-f)Ht\](x, s) 



< -H -{\lnH\ + \lns\ + s + d) 



+ £-\H\ + —H ■ (\lnH\ 2 + | In s\ 2 + s 2 + d 2 ) 

2s s v ' 



(4.8) 



<-//•(! ln#| 2 + | In s\ 2 + s 2 + d 2 ) 



where C is independent of p. We can choose / smooth enough such that (t + l) < It, 
then using (I377T ) and d4~8ll . on x e M n \B(p) 

d 2 i <f 2 2 

|G f (x,j)| < Csexp(- — )• [c + 21ns- — + | In s\ 2 + s 2 + d 2 ] 



- C( ^ + Z)exp (- 6(777)) -[ f2 + j2 + |lnf|2 + (T) 2 ] 

, aeX p(-|-).[, 2 + |ln,| 2 + A 2 ] 



(4.9) 



12^ l ' ■ \( 
Hence for any e > 0, we can find po > 1, such that if p > po, 



(4.10) 



*\B(p) se[t,t+l] 

On the other hand, because < / < 1 , 



[ ( sup \G t (x, s)\)dy.(x) < - 

JM"\B(p) S€\t,t+l\ 4 



I \G„(x, t + ( x l)W(x) < I sup \G„(x, s)\dfj,(x) 

JB(p) JB(p) s€[t,t+l] 



(4.11) 



<C(p) 



Choose / < from (14.101 ) and (14.1 IK if p > p , 



(4.12) 



f 



G(x, t + l)- G(x, t) 



d/u(x) 



- | G t <p p d/u(x) 

JM" 



< e 



It is easy to see from Lemma 1431 and its proof, linip^oo J G t <p p exists and 
(4.13) Urn f G4 P = f G, 

P^°° JM" JM" 

From (14.121) and (14.131 ). we get our conclusion. □ 
By Cheng-Li- Yau's result (see HI), lim^Qfln// = and the limit is uniform 
for any x in B{r). Hence we can assume 

d 2 {x,y) 

t In H(x, y,t) = + e(t, x, y) 

Sometimes e(t, x,y) will be simplified as e, then 



(4.14) 



K-f) = ^ln(47rt)- j + e 
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where lim^o e {U x, y) - 0, and the limit is uniform for any x in B(r). Without 
losing generality, we can assume that <po(x,y) > \ when x e 

Lemma 4.2. 

(4. 15) f E(-f)dn(x) = + itf(y) • f + o(f) 

JB(4) 



2 3 



(4-16) f E(-f)0(d(x,y)W(x) = o(l) 

w/iere lim f ^o ^ = 0. 
P roof: 

r E(-/)dn(x) = r 5"° - • (-/)^(x) 
= r (— -%w-/>//i(jc)+o(/) 

= (l + ^R pq (y)x p x^ - ^t)H(~f) + o{t) 
(4.17) = ~ + (i + ^)*(y)* + ^ J^GW • H(-f)dfi(x) + o(t) 



in the last equation, we used (11.21) . 

We estimate the third term on the right side of (14- 17b . 



(/) * ^ J B R py (y)x?xi ■ H(-f)d/u(x) 

T2 \ B R P^ xPxq • ff [totftf + i W4nt)]dfi(x) 

\ r d 2 

= 12 J R P<^ xPxq ' Hn o[ ~ ^" + ln H • t«fo + o(0 

= -— | E ■ d 2 ■ R pq (y)x p x q dx + o(0 
48f J B 

(4-18) =_2±ifi(y)f + (() 

In the last equation above, we used (13- 12b - From (14.171 ) and (14.181 ). we get (I4.15I ). 
To prove ( 14.161) , we will follow similar strategy. 



f E(-f)0(d)dfi(x) = f (— -^)H(-f)0(d)dfx(x)+o(l) 
Jb Jb Vo <Pq 

= J H No [\nH No + ^ln(4nt)]0(d)dij(x)+oa) 

r d 2 

= J E (~j- t + ln <po)0(d)d[i(x) + o(l) = o(l) 



(14.161 ) is proved. 
Lemma 4.3. 
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f \(-f)H t \dn(x) = 0(n) 

JM"\B 



where t « 1 is small enough. 

Proof: Similarly as (@~7]>, on M n \B, 



\{-f)H t \ <--H[\ lntf| 2 + | In t\ 2 + t 2 + d 2 ] 



Hence 



f \{-f)H,\<- f H-\lnH\ 2 + - f H(\lnt\ 2 + t 2 + d 2 ) 

JM"\B t JM"\B t JM"\B 

(I) + (II) 



Using (I3.7I ). volume comparison theorem and monotonicity of h(x) = x(ln 
when x e (0, e~ 2 ], similar to the proof of (I3.8I ). 



(/) < 0(n) 

Using ((221), when x e M n \B, 

d 2 d 2 
(4. 19) H < \r]H No \ + |F^ | < C[r'i exp ( - — ) + t 4 • exp ( - -)] = 0(t 2 )E 

From ( 14.191 ), it is easy to get 

(II) < 0(t) 
By all the above, we get our conclusion. 



Proof of UJ): 

^ I H{ ~ f)d ^ {x) \ = f \ Ht + Yt H+ <--m]<wx) 

= f (-f)H t dfi(x) + f (-f)H t dv(x) 
From Lemma 1431 in the above, we have 

(/) = o(th 

From Lemma 1441 in the following, we get 

(IT) = -j t + ^R(y) + o(\) 



From all the above, we get (1 1 -3b - 
Lemma 4.4. 



f (-f)H t diu(x) = -^ + ^R{x) 1-^(1) 
Jb 



It 2 
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Proof: From dllOb and (l4~T4l ). 

f (-f)H t dfi(x) = f (-/) • (Hjvb). + C(0 
Jb Jb 



Jji-f)(H No ) t dKx) = f(^~ j) H N a ■ (-f)dfi(x) + f Eni-fldrtx) + 



- (/) + (//) + (///) + o(l) 
Using Lemma [4~2l 



(///)= f Etp^-fidfiix) = i/?(y) f E(-f)d/u(x) + f E(-f)-0(d) 
Jb o Jb Jb 



From ([22]) and (TL21) . 



(//) = -j t ^H No {-fW{x) = ~ ^H(-f)dp(x) ~J t § B O(f 0+l )E(-f)dfi(x) 



2 



= + o(1) 

Similarly, by the following Lemma R31 

(/) - f{H + 0(t No+l )E)(-f) ■ d 1 d l i{x) = -L^H(~f) • d 2 dix(x) + o{\) 
n(n + 2) t n \\ 

From all the above, 

JVjWM*) = ~j f + \R(y) + o(l) 



□ 



Lemma 4.5. 

± jr H(- f) . sd^x) = + g + 1)^) + 0( i) 

Proof: We will use the similar strategy as in the proof of (1 1 - 2b - 

+ iX[" , £-]™ 2< "' w 

From (I3.6I ). 

[ln-^-]# = 0(* 4 ) 
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Hence, 

— H{-f) ■ d 2 dp{x) = — \ - — + ln^o + — t + 0(t 2 )]Hd 2 ■ adx + o(l) 
At 1 Jb At 2 Jb l At <p 1 

1 f / d 2 1 „ „ 1 R(y) , 1 „ „ 9N 

= 4? X ( - Tt + \2 Rpq ^ + e R(y)t ~ ~W d + m R »®>** • d ) 

■ £c/ 2 c?x + o(l) 

n(n + 2) -7i 2 + 2n + 4 1 f „ „ . 

= -- + — 24 — m + L ER ^ )X X ' d dx + 

Define 

X r n n 

ER pq (y)xPxi ■d 4 dx = E • ( V A iX 2 ) • (V * 2 )c?x 

where we diagonalize R pq {y) and let /I, = Ru(y). We can get £2i = 120/li? 3 and the 
induction formula: 

n 

Qn = <2«-i + 8(2" + 5)( J] Ai)t 3 + 8(« 2 + 4n + 3)A„ ■ t 3 
i=i 

Then it is easy to get <2„ = 8(« 2 + 6n + 8)/?(y) ■ t 3 , hence 

± I Hi-f) • #w> = *±£L + (I + \) R(y) + on) 



Appendix A. 

In (5 ], Richard Hamilton established an upper bound of Laplacian of a positive 
solution to the heat equation on closed manifolds. We will generalize his theorem 
to complete manifolds with Ricci curvature bounded below. Our proof follows 
the similar strategy as |7]. We firstly establish a preliminary estimate on t\Au\ so 
that the maximum principle of Ni and Tarn lfl4l may be applied to the quantity of 
interest in Hamilton's second derivative estimate. 

We introduce a cut-off function (f> defined on R, which is a smooth nonnegative 
nonincreasing funciton, is 1 on (-oo, 1) and on [2, +oo). We can further assume 

(A.l) \4>'\<2, |^"| + ^<16 

To prove the following Bernstein-type local estimate, we employ a technique of 
W.-X. Shi [ 16 ] from the estimation of derivatives of curvature under the Ricci flow 
(see also 0), define F = (C + t\V u\ 2 )t 2 \Au\ 2 , and consider the evolution of F. 

Lemma A.l. Suppose (M n , g) is a complete Riemannian manifold. If\u(x,t)\ < jtft 
is a solution to the heat equation on B p (Ap) X [0, T] for some p € M n , constants 
Jt, p,T,K> 0, andRc > -Kg on B p (Ap). Then 

1 1 / K 

(A.2) t\Au\ < C(n,K,JK)[\ + t[\ + — )] • (- + l) • [t + coth(y — -p)] 
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holds on B p {p) x [0, T]. 
Proof: From Q, we get 

(A.3) ?|V M | 2 <Ci[l + r(l + ^)] = C 2 

holds on B p (2p) x [0, T], where C\ = C\{K, Ji). Define C 3 = 4C 2 , and 

F(x, t) = (C 3 + t\Vu(x, t)\ 2 )t 2 \Au(x, t)\ 2 
Long but straightforward computation gives 

(— - A)F - -2(C 3 + f|V M | 2 )|VAw| 2 - 8? 3 ^ ViVjuViAuVjuAu 

- 2t i \V 2 u\ 2 ■ \Au\ 2 + 2t(C 3 + t\Vu\ 2 )\Au\ 2 
+ [|Vw| 2 - 2tRc(Vu, Vu)]t 2 \Au\ 2 
When x e B p (4p), using t\Vu\ 2 < C 2 = |C 3 and Rc > -Kg, 

( A)F < -10f 3 |Vw| 2 • |VA«| 2 + 8f 3 |V«| • |VAu| • |V 2 «| • \Au\ 



- 2t 3 \V 2 u\ 2 ■ \Au\ 2 + C 4 t\Au\ 2 

< -^p\V 2 u\ 2 ■ \Au\ 2 + C 4 t\Au\ 2 

where C4 = (2KT + 11)C2, the term with coefficient -| arose from the inequality 
-lCbc 2 + Sxy - 2y 2 < -iy 2 . On the other hand, we know |V 2 w| 2 > ^|Aw| 2 , hence 

(— - A)F < -— t 3 \Au\ A + C 4 t\Au\ 2 
y ot ' 5n 

5nA ' ' J At 

<_^ F 2 + C5 

t t 

in the last equality we used F < (C3 + C 2 )t 2 \Au\ 2 = 5C 2 t 2 \Au\ 2 , and 
(A.4) C 5 = C(n, K, Jt\\ + T)[l + T{\ + -)] 

1 —2 

(A.5) C 6 - C(«, K, J£)[\ + F(l + -2)] 

Define y(x) = ^( ^* ), then y(jc)F(jc, attains its maximum at a point (jcq, ?q) 6 
B p (2p) x [0, J]. The rest computation is at (jco, ?o)> 

< (— - A)(yF) < y( - yF 2 + y ) - Ay • F - 2VyVF 
Note at (x , t ), V(yF) = 0, let G = (yF)(x , t ), we get 

(A.6) <-^G 2 + (2^-Ay)G + ^ 

t y t 
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and 

IVyp v 2 |f | 2 f 



(2^-Ar) = 4-^r-^T--^^) 

v y ' p l <p p l p 

32 2 / / K x 

(A.7) < — + -. C oth(J -p) 

p 2 p v \?i-l / 

in the last inequality we used (IA.1I ), 7?c > -A"g and Laplacian comparison theorem. 
From CO-CO), 



1 2 11 / ^ 

< -G 2 + C(n, K, JZ)[\ + T{\ + — )] r • [— + - coth ( y - — j-p)]G 

1 3 

+ c(«, ^, + r(i + — )] (i + t) 



then it is easy to get 

G < C(n,K,Jt) ■ [l + r(l + ^)] 2 (1 + T) 

•[( p 4^)^(^) + . + n. + l)] 

Hence on B p (p), 
t 2 \Au\ 2 < C 3 l F < C^G 

< C(n, K, JO ■ [1 + r(l + I)] 2 • [(1 + 1) • (T + coth ( a/^p)) + 1] 

Taking square root in the above inequality, we can get our conclusion. □ 
Let p — > oo, we get the following global estimate. 

Corollary A.2. Suppose (M",g) is a complete Riemannian manifold with Rc > 
-Kg, and \u(x, t)\ < is a solution to the heat equation on M n X [0, T], where K, 
T are positive constants. Then 

(A.8) t\Au\ < C(n, K, Jt)(\ + T) 2 

holds on M n x [0, T]. 

We also need a maximum principle due originally to Karp and Li (see 0) whose 
statement can be found (in more generalized form) in Ni and Tarn's paper |[T4l (see 
Theorem 1.2 there). The statement of this maximum principle is as follows. 

Theorem A.3 (Karp-Li and Ni-Tam). Suppose (M n ,g) is a complete Riemannian 
manifold and h(x, f) is a smooth function on M n x [0, T] such that (^—AJf(x, t) < 
whenever f(x, t) > 0. Assume that 
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-a-dHx,p) f 2^ s)d ^ x)ds < oo 



for some a > 0, where p is a fixed point on M n and f+(x, t) = max{/(x, t), 0}. If 
fix, 0) < 0/or all x e M n , then f(x, t) < Ofor all (x, t) e M" x [0, T]. 
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Now we are ready to prove Hamilton's Theorem in the complete case. 

Theorem A. 4. Suppose (M n ,g) is a complete Riemannian manifold with Rc > 
—Kg, and < u(x, t) < is a solution to the heat equation on M" X [0, T], where 
K, T are positive constants. Then 

(A.9) t{— + -^-) <n + (4 + 2Kt) In ( — I 

v u u u 

Proof: Define u e = u + e for e > 0, we obtain a solution satisfying e < u e < 

^# + f = Once the estimate has been proved for u £ , the theorem will follow 

by letting e — > 0. Consider the function 

F(x, t) = t(Au £ + _ u \ n + (4 + 2Kt) In (— )1 

A long but straightforward computation gives 
f d_ 



(— - A)F{x, t) = u e [ - 2t\V 2 In uf + A In u £ - (2 + 2Kt)\V In i 



- 2tRc(V In u £ , V In w e ) - 2K In ( — -)] 

2t 

(A. 10) < u e \ |AlnM e | 2 + Alnw e -2|VhiM e | 2 l 

L n 1 

If F(x, t) > at (x, t), then 

(A. 1 1) -2| V In u £ \ 2 < A In u € - y 

From (lATTOl and (lATTTT) . 

(-^ - A)F(x, =< w e [ - — |A In w e | 2 + 2A In u e - y] 

(A.12) <-^-<0 

2? 

In (IA.3I) let p -> oo, 

(A. 13) f|Vw| 2 < c(/:,^# r) 

From dA~T3l and CAST ), 
(A. 14) F\{x, t) < \t(Au £ + IZlllL)] 2 < c(6, rc, K, Jt e , T) 

Using dA.141 ), for any p e M" and p > 0, 

I I exp f - d 2 (x, p))F 2 (x, t)dp(x)dt 

Jo JB p {p) 

(A. 15) < C(e, n, K, Ji e , T) J exp ( - d 2 (x, p))dp(x) < C 

JM" 

in the last equality we used volume comparison theorem and Rc > -Kg. Let 

p -> oo, 

(A. 16) f f exp-d 2 (x,p)Fl(x,t)dfi(x)dt < C < oo 

Jo Jm" 
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From (1A.12I) and (IA. 161) . using Theorem IA31 we get F(x, t) < for all < t < 
T . The conclusion is proved. □ 
The following corollary gives the upper bound of Laplacian of the heat kernel. 

Corollary A.5. Suppose (M",g) is a complete Riemannian manifold with Rc > 
—Kg, and H(x, y, t) is the heat kernel on M'\ and < t < T, where K, T are 
positive constants. Then 

I |V//| 2 x 
(&H+ ] — r-)(x,y,t) 

2H(x,y,t), r C(K,T) n , 
(A.17) < y ' > {n + {4 + Kt)\n[ ■ K -^J — ]) 

H(x,y,t)VHB x (^WHB y (^)) 

Proof: Note if s e [|, t], from [9J, 

H(x,y, t) < C(K, T) ■ V*(B X ( ^|))v*(fi y ( ^|)) 

Then apply Theorem IA.4I on u(x, s) = H(x,y, s + j) and M" x [0, |], conclusion 
follows from (IA.9I) . □ 
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